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S t a t i s t i c a l  E v i d e n c e  a n d  B e l i e f  F u n c t i o n s  

T e d d y  S e i d e n f e l d  

U n i v e r s i t y  o f  P i t t s b u r g h  

I n  h i s  r e c e n t  m o n o g r a p h  [ 7 1 ,  P r o f e s s o r  S h a f e r  h a s  
o f f e r e d  u s  a n  a l t e r n a t i v e  t o  B a y e s i a n  i n f e r e n c e  w i t h  h i s  
n o v e l  t h e o r y  o f  b e l i e f  f u n c t i o n s  a n d ,  i n  h i s  c u r r e n t  p a p e r  
[ 8 l ,  h a s  c h a r a c t e r i z e d  h i s  p o s i t i o n  by  p o i n t i n g  t o  t w o  
b a s i c  d i f f e r e n c e s  i t  s h a r e s  w i t h  B a y e s i a n i s m .  F i r s t ,  b e -



L e t  me i l l u s t r a t e  t h i s .  S u p p o s e  we a r e  f a c e d  w i t h  a  
s t r a n g e l y  b e n t  c o i n ,  a b o u t  w h i c h  we a r e  r e l a t i v e l y  i g n o r a n t ,  
a n d  a r e  a s k e d  t o  d e t e r m i n e  



I b o t h e r  



i s ,  we m u s t  f o r f e i t  P r o f e s s o r  I a n  H a c k i n g ' s  F r e q u e n c y  p r i n -  
~ i p l e . ~No d o u b t ,  t h e n ,  P r o f e s s o r  S h a f e r  s h o w s  wisdom when 
h e  w i t h d r a w s  f r o m  D e m p s t e r ' s  s a f a r i  i n  s e a r c h  o f  t h e  e l u s i v e  
F i s h e r .  A l s o ,  we s e e  f r o m  L e v i ' s  p r e s e n t a t i o n  t h a t  e v e n  t o  
a c c o m m o d a t e  d i r e c t  i n f e r e n c e  a b o u t  a  " p i v o t a l "  v a r i a b l e ,  
S h a f e r ' s  p r o g r a m  w o u l d  n e e d  a l t e r a t i o n s  t o  h a n d l e  u n u s u a l  
f r a m e s  o f  d i s c e r n m e n t ,  i . e . ,  u n u s u a l  p a r t i t i o n s  t h a t  i n c l u d e  
t h e  d a t a - t o - b e - a c q u i r e d  i n  t h e  f r a m e .  T h u s ,  t h e  t a r g e t  o f  
my c r i t i c i s m  i s  t h e  m o r e  mundane  v a r i e t y  o f  s t a t i s t i c a l  
p r o b l e m  d i s c u s s e d  by S h a f e r  i n  h i s  b o o k  ( [ T I ,  c h a p t e r  l l ) ,  
s i m p l e  i n v e r s e  i n f e r e n c e .  

F o l l o w i n g  h i s  a c c o u n t ,  l e t  u s  g r a n t  o u r s e l v e s  t h e  l i b e r t y  
o f  c h a n c e s ,  o r  a l e a t o r y  p r o b a b i l i t y  ( a s  S h a f e r  c a l l s  i t ) .  
T h a t  i s ,  i n  a d d i t i o n  t o  t h e  e p i s t e m i c  m e a s u r e  o f  s u p p o r t ,  
b e l i e f  f u n c t i o n s ,  t h e r e  i s  a l s o  a l e a t o r y  p r o b a b i l i t y .  I n  
c h a p t e r  11 o f  5 M a t h e m a t i c a l  T h e o r y  o f  E v i d e n c e ,  S h a f e r  
f i x e s  t h e  c o n n e c t i o n  b e t w e e n  t h e  t w o  c o n c e p t s  i n  a " c o n v e n -
t i o n  f o r  a s s e s s i n g  s t a t i s t i c a l  e v i d e n c e "  ( [ 7 ] ,  p .  2 3 8 ) .  

L e t  me p a r a p h r a s e  h i s  r u l e .  S u p p o s e  we a r e  f a c e d  w i t h  a  
s i m p l e  i n v e r s e  s t a t i s t i c a l  p r o b l e m ,  we h a v e  f l i p p e d  t h e  b e n t  
c o i n  o n c e  a n d  n o t e d  t h e  o u t c o m e .  The  s t a t i s t i c a l  h y p o t h e s e s ,  
b i n o m i a l  h y p o t h e s e s  t h a t  t h e  c o i n  b e t w 3 T j � 0 . 2 2 3 9  T c  2 . 5 7 9 c o i n  p .  t h 0  T c  5 . 1 0 1  0 0  T d � ( a  ) T j m e .  
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g e t h e r .  

D e m p s t e r ' s  r u l e  i s  the r u l e  i n  S h a f e r ' s  t h e o r y  f o r  com-
b i n i n g  d i s t i n c t  b e l i e f  f u n c t i o n s .  P u t  v e r y  r o u g h l y ,  i f  B

1 

a n d  B2 a r e  t w o  b e l i e f  f u n c t i o n s  b a s e d  on d i s t i n c t  b o d i e s  


o f  e v i d e n c e  a n d  i f  t h e  two  f a m i l i e s  o f  h y p o t h e s e s  i n v o l v e d  
i n  t h e s e  f u n c t i o n s  a r e  s u i t a b l y  



t h e  e x i s t e n c e  o f  a n o t h e r  m e a s u r e ,  c a l l e d  p l a u s i b i l i t y ,  d e -
f i n e d  a s :

Pix ( h )  = max p g  ( x )  f max p 6  ( x )  = 1 - s X(g), ( 4  
a EA a 

p r e s e r v e s  r e l a t i v e  p l a u s i b i l i t y  f o r  s i n g l e t o n s  n o  m a t t e r  
w h i c h  m e t h o d  o f  s o l u t i o n  i s  a d o p t e d  ( 1 7 1 ,  p .  2 5 0 ) .  F o r  
i n s t a n c e ,  i n  t h e  f o r e g o i n g  e x a m p l e  t h e  r e l a t i v e  p l a u s i b i l i t y  
o f  e l  t o  O 2  i s  3 : 7  f o r  b o t h  m e t h o d s .  

I w i l l  r e s p o n d  t o  e a c h  o f  t h e s e  r e m a r k s  w i t h  t h e  a s s i s -
t a n c e  o f  s e v e r a l  e x a m p l e s .  L e t  me b e g i n  w i t h  a s t a t i s t i c a l  
p r o b l e m  t h a t  h a s  a c h i e v e d  some  n o t o r i e t y  i n  c u r r e n t  o f  a c h i ee x a m p l 9 0 � 0 . 2 7 2 7  S S 1 9 7  5 0 ) .  3 c  2 . 5 ( t h e  ) T j � 0 . 2 7 2 7  T c  2 . 6 1 / . 1 8 1 8  T c  6 . 4 8 7  0  8 T j � 0 . 1 9 7  T c  - 3 1 . 0 1 2  T m � ( e l  ) T j � 0 . 3 9 3 9  T c t u x )  m 7 i s - i s  � x d � ( a c h i e ) T 0 . 3 1 8 2  T ( a  ) d � ( r e m a r k s  ) a 6 4  T c  - 3 4 . 3 2 7  - - 3 c  8 5 6 T d � ( t h a t  ) T j b i v a r i a t . 2 4 2 4  T c  5 . 1 2  0  c u r 0 T j � 0 . 2 2 7 n o r m m  . 3 9 3 9  T c 8 . 4 9 4 3 1 8 2  T c  1 . 3 1  0  T d 9 0 9 0 9 T d � ( s e v 1 c  3 . 2 8 7  k n o w n 1  0  T d 9 7  T c  3 . 3 a t � 0 . 3 1 8 2  T c m e a  T c  1 . 9 7 8  P  < < / M C I D � ( o f  ) T j � 0 a n ) T j � 0 . 1 6 6 6  0  T d � b e g i n  





a p p l y i n g  t h e  c o m b i n a t i o n  r u l e  t o  " u n u s u a l "  p a r t i t i o n s  i s  a 
p o t e n t i a l  l o s s  o f  i n f o r m a t i o n .  The  e x a m p l e  j u s t  d i s c u s s e d  
h a s  t h e  f e a t u r e  t h a t  a l l  t h e  p e r t i n e n t  i n f o r m a t i o n  i s  l o s t  
when t h e  i n d i v i d u a l  l i k e l i h o o d s  a r e  c o m b i n e d  b y  D e m p s t e r ' s  
r u l e .  H o w e v e r ,  we c a n  f o o l  o u r s e l v e s  i n t o  t h i n k i n g  t h e r e  
i s  m o r e  i n  a  g i v e n  b o d y  o f  d a t a  j u s t  a s  e a s i l y  by  r e l y i n g  on 
t h e  c o m b i n a t i o n  r u l e ,  a n d  t h i s  i s  my r e a s o n  f o r  r e j e c t i n g  
P r o f e s s o r  S h a f e r ' s  a c c o u n t  o f  " c o n f l i c t "  ( o r  " d i s s o n a n c e " ) .  
S u y p o s e  we f l i p  t h e  b e n t  c o i n  n  t i m e s .  I n s t e a d  o f  c o a s i d -
e r i n g  j u s t  p a r t i t i o n s  i n t o  s t a t i s t i c a l l y  i n d e p e n d e n t  com-
p o n e n t s ,  we may b u i l d  u p  v e r y  l o n g  l i s t s  o f  c o m p l i c a t e d  
s u m m a r i e s ,  s u c h  a s :  t h e  p e r c e n t  o f  h e a d s  s h o w i n g  i n  s u b -
s e q u e n c e s  o f  e v e r y  j - t h  f l i p ;  t h e  p e r c e n t  o f  h e a d s  s h o w i n g  
i n  t h e  f i r s t  m t r i a l s ,  1 2 m 2 n ,  e t c .  G e n e r a l l y ,  e a c h  s u c h  
r e p o r t  w i l l  g e n e r a t e  a  d i f f e r e n t  s u p p o r t  f u n c t i o n  ( b y  c o n -
v e n t i o n  ( 1 ) )a n d  we c a n  u s e  D e m p s t e r ' s  r u l e  t o  c o m b i n e  t h e  
l o t  o f  t h e m .  S i n c e  i t  m i g h t  a p p e a r  t h a t  e a c h  new summary 
c a p t u r e s  a new,  r e l e v a n t  f e a t u r e  o f  t h e  compound d a t a  ( w i t h  
r e s p e c t  t o  i n v e r s e  inference a b o u t  t h e  c o i n ' s  b i a s ) ,  a p p l y -
i n g  t h e  c o m b i n a t i o n  r u l e  t o  t h e s e  many s u p p o r t  f u n c t i o n s  
s h o u l d  e x p o s e  e v e r  new a s p e c t s  o f  c o n f l i c t  w i t h i n  t h e  E a t a .  
I f  t h e r e  i s  a n  a d v a n t a g e  t o  b e  f o u n d  i n  m e t h o d s  t h a t  e x p o s e  
c o n f l i c t ,  t h e n  t h e  m o r e  i n t r i c a t e  t h e  f a m i l y  o f  s u p p o r t  
f u n c t i o n s  we c a n  b u i l d  f r o m  a  g i v e n  b o d y  o f  e v i d e n c e ,  t h e  
m e r r i e r  t h e  a n a l y s i s  we o b t a i n  b y  c o m b i n i n g  t h e m  a c c o r d i n g  
t o  D e m p s t e r ' s  r u l e .  

One o f  F i s h e r ' s  b a s i c  t e a c h i n g s  i s  t h e  l e s s o n  t h a t  t h e r e  
a r e  l i m i t e d  a m o u n t s  o f  new i n f o r m a t i o n  t h a t  c a n  b e  e x t r a c t e d  
f r o m  a g i v e n  b o d y  o f  s t a t i s t i c a l  e v i d e n c e  ( w i t h  r e s p e c t  t o  
a g i v e n  p r o b l e m  o f  i n v e r s e  i n f e r e n c e ) .  A s s u m i n g  e i t h e r  
c o n d i t i o n a l i z a t i o n ,  o r  e v e n  a s i m p l e  l i k e l i h o o d  p r i n c i p l e ,  
we s e e  t h a t  i n  some c a s e s  t h e  e n t i r e  d a t a  may b e  s u m m a r i z e d  
i n  a s i n g l e  s u f f i c i e n t  stat is ti^.^ Though t w o  a s p e c t s  o f  
t h e  s a m e  d a t a  may l e a d  t o  d i f f e r e n t  s u p p o r t  f u n c t i o n s  when 
c o n s i d e r e d  s e p a r a t e l y ,  o n e  may b e  i r r e l e v a n t  g i v e n  t h e  o t h e r  
i f  t h e  l a t t e r  i s  s u f f i c i e n t .  F o r  e x a m p l e ,  w i t h  i n v e r s e  i n -
f e r e n c e  a b o u t  a  b i n o m i a l  d i s t r i b u t i o n  ( t h e  s t a t i s t i c a l  m o d e l  
f o r  t h e  p r o c e s s  o f  f l i p p i n g  a b e n t  c o i n ) ,  t h e  p a i r  o f  n u m b e r s ,  
n u m b e r  o f  f l i p s ,  p e r c e n t  o f  f l i p s  l a n d i n g  h e a d s - u p ,  a r e  
j o i n t l y  s u f f i c i e n t  f o r  i n f e r e n c e  a b o u t  t h e  b i n o m i a l  p a r a m e t e r ,  
i n  p l a c e  o f  t h e  w h o l e  d a t a .  ( N o t e  t h a t ,  i f  t h e  n u m b e r  o f  
f l i p s  i s  a n c i l l a r y ,  t h e  p e r c e n t  o f  f l i p s  l a n d i n g  h e a d s - u p  i s  
c o n d i t i o n a l l y  s u f f i c i e n t ,  i . e . , e x h a u s t i v e ,  f o r  t h e  d a t a . )  
A l l  o t h e r  f e a t u r e s  o f  t h e  c o m p o s i t e  s a m p l e ,  f e a t u r e s  r e f l e c t e d  
i n  t h e  " c o n f l i c t "  among t h e  p a r t s  o f  t h e  d a t a ,  a r e  i r r e l e v a n t  
g i v e n  t h e  s u f f i c i e n t  s t a t i s t i c s ,  i f  c o n d i t i o n a l i z a t i o n  i s  
v a l i d .  

I n  h i s  b o o k  P r o f e s s o r  S h a f e r  q u a l i f i e s  h i s  d i s c u s s i o n  o f  
s t a t i s t i c a l  i n f e r e n c e  by  l i m i t i n g  i t  t o  p r o b l e m s  w h e r e  t h e  
d a t a  a r e  p a r t i t i o n e d  i n t o  " p h y s i c a l l y  i n d e p e n d e n t  o b s e r v a -



tions" ([71, p. 238). We see now that he means by that 

restriction a division into statistically (or aleatorily) 

independent observations. In common statistical parlance, 

the rule of combination works with i.i.d. trials, identically 

independently distributed trials, and it fails with statis- 

tically dependent trials. In his book Professor Shafer 

qualifies the application of the combination rule to belief 

functions based on "distinct" bodies of evidence. The qual- 

ification is repeated in sections 3 and 8 of [a]. I take it 

that "distinct" means non-redundant in the way that all other 

aspects of the evidence are redundant once a sufficient sta- 

tistic is known.6 


In section 8 of [ E l ,  Professor Shafer questions the 
applicability of Bayes' theorem, i.e., the practicality of 
conditionalization, for fear that we might not be able to 
find a formulation of our problem that permits us to deter- 
mine the requisite probabilities for calculating according 
to Bayes' rule. At one point he suggests that "it will not 
be plausible to regard the E ,  [the partition of the evidence] 

1 
 -
as conditionally independent given A and A" (181, p.458), and 
he uses this suggestion to question one's ability to obey 
conditionalization. ~ u tif it is a practical difficulty for 
Bayesians to work with conditionally dependent observations, 
and I do not see those cases requiring new computational 
skills, it is a theoretical prohibition that prevents Pro- 
fessor Shafer from using them in his own program. At least 
the Bayesian theory provides the machinery for deciding 
whether the data are mutually independent. How does the 
theory of belief functions resolve the general problem of 
distinctness of the evidential bits? How am I to know 
whether, in the example of section 4 in [ a ] ,  the evidence 

(that the stubs in the attic suggest a roof over the con- 

E 3  
crete section) is independent of, i.e.,non-redundant with, 

E4 (that my neighbor's testimony as to the original use of 


the house suggests a concrete floor)? If it can be argued 

that dependence obtains between these two, how then do I 

reformulate the evidence so that the combination rule applies? 


I have tried to show that the novel theory of belief 

functions is to be applauded where it departs from Bayesian 

theory by using non-additive measures interpreted as lower 

bounds on sets of probabilities, but it is to be reproached 

where it departs from Bayesian theory by sabstituting the 

combination rule for conditionalization. I have tried to 

argue that the combinatiqn rule is unsatisfactory becsuse 

of its limitation to partitions of the data that are statis- 

tically independent if the problem is aleatory, and because 

of its limitation to partitions of the data that, in yeneral, 

are free of redundancy (in the sense of sufficiency). The 




p r i n c i p l e  



In fact, it can be traced to Savage ( [ 6 ] ,  p. 20) 

5~ statistic s is sufficient for data d, with respect to 
a parameter of interest 0 (for inverse inference) just in 
case: p(d/0&s) = p(d/s). 

6 ~ n  (statistical) inference a statistical model is 
inverse 

assumed. Where the question arises whether the data are to 

count as evidence (as in testing for "outliers") and where 

the question arises what statistical model is to be accepted 

(as in sample "re-use" methods), convention (1) does not 

apply since we lack a well defined "frame of discernment". 


'~hus, I reject Shafer's claim ( [8], pp. 459 and 464 ) that 
conditioning is a special case of Dempster's rule. Also, 
if his remarks (page 459 of [8]) are intended as a response 
to my questions about the adequacy of the comb3d�(questions )Tj�6.88(f 377.7605 3d�(of )Tj�0.0y )Tjt8age in 
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